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INTERIOR REGULARITY OF FULLY NONLINEAR 
DEGENERATE ELLIPTIC EQUATIONS, I: BELLMAN 
EQUATIONS WITH CONSTANT COEFFICIENTS 



O WEI ZHOU 



Abstract. This is the first of a series of papers on the interior reg- 
ularity of fully nonlinear degenerate elliptic equations. We consider a 
stochastic optimal control problem in which the diffusion coefficients, 
drift coefficients and discount factor are independent of the spacial vari- 
Qh ■ ables. Under suitable assumptions, for k = 0, 1, when the terminal and 

' running payoffs are globally C k ' 1 , we obtain the C* 1 ' 1 -smoothness of the 

value function, which yields the existence and uniqueness of the solution 
to the associated Dirichlet problem for the degenerate Bellman equation. 



1. Introduction 



This paper is concerned with the interior C 1 ' 1 -regularity theory for the 
£>. \ Bellman equation with constant coefficients. We are motivated by jS], in 

CN ■ which interior C 0,1 -regularity result was obtained. 

, We consider the time-homogeneous stochastic optimal control problem in 

a domain. Given a family of controlled diffusion processes governed by Ito 
■ stochastic equations: 

m ■ x t ' 



x+ f a a °{xf x )dw s + fb a °{xf x )ds, 
Jo Jo 



d . v(x) = sup E 



where wt is a d\ -dimensional Wiener process, the associated time-homogeneous 
stochastic optimal control problem in a domain has the value function 



aG2t 

with 



Jo 



'0 



f c a °{xf x )ds, 

JO 



where 21 is the set of policies, and for each a S 21, r a,x is the first exit time of 
x®' x from the domain D C the nonnegative function c a is the discount 
factor and the functions f a and g are the running payoff and terminal payoff 
respectively. The associated dynamic programming equation is the possibly 
degenerate Bellman equation with Dirichlet boundary condition: 

{sup [(a a )ijU x i x j + {b a )iU x i — c a u + /"] = in D 
v = g on dD, 
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where A is the control set, the matrix a a = [(a a )ij]dxd = (l/2)cr a (<7 a )* for 
each a £ A, and summation convention of repeated indices is assumed. 

If the value function v is in the class of S C 2 (D) n C°(D), then v is a 
solution to (|Bl) due to Bellman principle and Ito's formula. However, in gen- 
eral, v is not sufficiently smooth to satisfy (iBl) . An interesting problem is 
establishing sufficient conditions under which v has derivatives up to second 
order and uniquely solves (iBl) . Both PDE theoretic and probabilistic meth- 
ods have been utilized in previous literature, see, e.g., [2l l5| 171 151 fT2 j [T3l fT4] . 
For PDE theoretic approach, the difficulties contain the degeneracy and 
fully nonlinearity of the elliptic equation. For probabilistic approach, the 
difficulties include the randomness and infiniteness of the time horizon and 
the non- vanishing terminal payoff. 

In this work, we restrict our attention to the problem in which the dif- 
fusion coefficient a a , drift coefficient b a and discount factor c a are all in- 
dependent of spacial variables, so that the associated Bellman equation is 
with constant coefficients. The main reason is that convex fully nonlinear 
elliptic equations in the form of 



can be rewritten as Bellman equations with constant coefficients, see [lOj . 
The other reason is that in [15], we obtained C > smoothness of v and unique 
solvability of (fBj) for non-constant coefficients, under certain assumptions 
whose necessity are unknown, see Assumptions 2.1 and 2.2 in [15]. Therefore, 
we are interested in obtaining the same smoothness results without those 
two assumptions for simpler equations. Instead, our main assumptions here 
are Assumptions 1 2 . 11 and 12 . 2 [ which are general enough to make our theorems 
applicable to several celebrated fully nonlinear elliptic equations, including 
Monge- Ampere equations. 

Our main results are the following: under Assumptions 12.11 and 12.21 



• If f a ,g G C^iD), then v G C£J(D) n C°(D). 

• If f a e C°^(D), g e C X > X (D) and f a + K\x\ 2 is convex in D for 



some constant K, then v is convex after adding the function given 



• If additionally assuming the weak nondegenacy of the diffusion term, 
see Remark EH then v £ Cf^(D) n C ' 1 ^), and (jB]) is uniquely 
solved by v in this function space. 

Our interior C 0,1 -regularity result is a non-essential generalization of the 
corresponding result in [8], in the sense of allowing b a and c a nonvanishing. 
The interior C 1 ^-regularity result is totally new. It is worth emphasizing 
that the global C fc,1 -regularity of the boundary data doesn't ensure the same 
global regularity for the solution of the Dirichlet problem in general. More 
precisely, if the boundary data g is globally C k)1 in D, v may not be C k)1 up 
to the boundary, by even considering the Wiener process and the associated 
heat equation or Laplace's equation. Instead, the best regularity on v we 




in (I2TTD1) . 
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may expect is the interior C^-regularity. In this sense, our regularity results 
on v are optimal. It is also worth mentioning that since the first and second 
derivatives of v may blow up near the boundary, we provide estimate of 
first and second derivatives. We show that when v G C^(D), its C 0,1 -norm 
doesn't blow up faster than 1/ dist(-, <9D), which is sharp due to Example 
4.1.1 in pi], and when v G C(£(D), its C 1 ' 1 -norm doesn't blow up faster 
than 1/ dist(-, dD) 2 , whose sharpness is unknown by the author. 

Unlike [8], we write down the entire paper in probabilistic terms rather 
than PDE terms, in order to show the idea more intuitively and express 
certain quantities by explicit formulas. We admit that in some circumstance, 
using PDE terms is more economical as far as computations and assumptions 
are concerned. However, we believe that the entire paper can be translated 
into a pure analysis of PDE paper like [8]. 

Our main theorems are stated in Section [2j The online of the remaining 
sections concerning the proof is discussed in Section [3j 

Throughout the article, the summation convention for repeated indices is 
assumed, even when both repeated indices appear in the superscript. We 
usually put the indices in the superscript, since the subscript is for the time 
variable of stochastic processes. Given any sufficiently smooth function u(x) 
from R d to R, for y, z G R d , let 

U( y )=u xl y\ U( y )(z) =u x i x jy l z 3 , uf y) = (u {y) ) 2 . 

We denote the gradient vector of u by u x and the Hessian matrix of u by u xx . 
For any matrix a = (cr lJ ), a* represents its tranpose and ||cr|| 2 := tr(<7<7*). 
We also define 

s At = min{s, t}, s V t = max{s, t}. 

Constants appearing in inequalities are usually not indexed. They may differ 
even in the same chain of inequalities. 

2. Statement of main theorems 

Let d and d± be integers and A be a separable metric space. Assume that 
the following continuous and bounded functions on A are given: 

• d x d\ matrix- valued function a a = (erf, o"^ ), 

• Revalued function b a , 

• real- valued non-negative function c a . 

Let (fi, J 7 , P) is a complete probability space, {Tt',t > 0} be an increasing 
filtration of cr-algebras Tt C T which are complete with respect to (J 7 , P) , 
and (wt, Tt\t > 0) be a di-dimensional Wiener process on (0, F, P). Denote 
by 21 the set of progressively measurable A- valued processes at = &t(uj). 

Let D be a C 3 bounded domain in R d described by a C 3 real-valued 
function ip which is non-singular on dD, i.e. 

(2.1) D := {x G R d : ip(x) > 0}, \ip x \ > 1 on dD. 
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For the sake of simplicity in the statement of the results and their proofs, 
we suppose that 

\ip\3,D, \W\\o,A, \b\o,A, \c\o,a < K , 
where Kq G [1, oo) is constant. 

In the domain D, a real-valued function g(x) is given, which is bounded 
and Borel measurable. On the set A x D, a real-valued function f a (x) is 
defined, which is bounded and Borel measurable in A x D. 

Now we consider the stochastic optimal control of degenerate diffusion 
processes in which D is the domain, A is the control set, 21 is the set of 
policies, o~ a , b a , c a are diffusion, drift and discount coefficients, and f a (x), 
g(x) are running payoff and terminal payoff, respectively. To be precise, for 
each at G 21 and x G D, the degenerate diffusion process is given by 



(2.2) 



x?' x =x + [ a as dw s + [ b as ds. 
Jo Jo 



The value function of the stochastic optimal control is known as 



v\x) 



sup E 

aS2l 



(2.3) 

where for each a G 21 and t > 
(2.4) 4>\ 



g( x % x x ) e -^ + [ T f a °{xf x )e-^ds 
Jo 



c a °ds, 



and for each a G 21 and x G D, r a ' x is the first exit time of xf' x from D, 
namely, r a ' x := M{t > : x"' x <£ D}. 

From now on, we use the common abbreviated notation, according to 
which we put the superscripts a and x beside the expectation sign instead 
of explicitly exhibiting them inside the expectation sign for every object that 
can carry all or part of them. Namely, 



g{x T )e-** + / n(x s )e~^ds 



g(x%%)e-^+ / f^(xf x )e-^ds 



:= E 



We also introduce 
(2.5) = inf sup(a a ) ij C i C i , with a a = {l/2)a a (a a )* , 

0(£,0=la€A 



(2.6) 



H = inf fj,(£). 

I5l=i 



Our assumptions and theorems are the following: 
Assumption 2.1. For any x G D, we have 

(2.7) supL^(x) < -1, where L« = + {b a )~ 
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Assumption 2.2. The set A := {a a : a G A} is invariant under orthogonal 
congruence, namely, for any orthogonal matrix O of size d x d, we have 
OAO* = A. 

Theorem 2.1. Under Assumption \2.1\ the value function v given by ^2.3\) 
is well-defined, and we have 

(2.8) \v(x)\ < \g\ 0)dD + 1>(x) sup \f a | , D , Vx G D. 

Theorem 2.2. Under Assumptions POl and \2~2\ if f a G C Q ' l (D), g G 
C°^(D), and 

sup \f a \o,i,D, \g\o,i,D < K , 
then v G C^(D) n C(D), and for a.e. x G D, we have 



G M d , 



(2-9) Kol<^(iei + ^) ; ve 

where N = N(Ko,d,d±,D) is constant. 

Theorem 2.3. Under Assumptions POl and HOI i/ f a G C '^!)), 5 G 

SUP |/ a |o,l,D> |5|l,l,-D < K Q , 

and for each a G A, f a + i^ol^l 2 * s convex , then for each constant k > 0, 
iae function 



(2.10) u + iV 



•0 

x + w log 1 

K 



is convex in the set {x G D : ?/>(x) < «;}, where N = N(Ko,d,d\, D) is 
constant. 

If we additionally assume that n > 0, i/ien v G C[^(D) n C ' 1 ^), and 
/or a.e. x G -D, we aaue 

(2.11) - iv(iei 2 + ^) < < Kmir'N 1 -^, g M d , 

where N = N(Ko,d,d\,D) is constant. Furthermore, v is the unique solu- 
tion in (D) n C 0,1 (D) of the Dirichlet problem 

( sup \L a v - c a v + f a ) = a.e. in D 

(2.12) i aeA L 

v = g on 3D. 

Remark 2.1. The condition > means that the term essentially 
appear in the Bellman equation in $2.12\) . It is also not hard to see that 

H = inf sup (a a ) ij C C j ■ 
K\=laeA 

Note that the condition fi > is called "weak nondegeneracy condition" in 
some previous literature, which holds if and only if for any ( ^ 0, there 
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exists an element in the control set A, such that the corresponding diffusion 
term a a is nondegenerate in the direction of (. 

Remark 2.2. The first derivative estimate \2. 9\) is sharp due to Example 
4-1.1 in [11] . The author doesn't know whether the second derivative estimate 
\2.11\) is sharp. 

3. Outline and Strategy of the proof of Theorems I2.1H2.3I 

In Section [5] we use Assumption 12.11 to prove Theorem 12.11 
To prove Theorems 12.21 and 12.31 we nrs t reduce the original problem of 
showing the existence of generalized derivatives to a priori estimate of the 
derivatives, which is explained in Section [5j 

To estimate the derivatives, we differentiate both sides of the probabilis- 
tic representation fl2 .31) . The main difficulty comes from the non- vanishing 
terminal payoff and the random unbounded exit time of the diffusion pro- 
cesses. Thus for simplicity on discussing our strategy we temporarily let 
c a = f a = 0. Heuristically, utilizing Bellman principle and then differenti- 
ating v in the direction of £, we wish to have 

(3.1) v {0 (x) < supE%[v£ r) (x T )], 

aS2l 

(3.2) «(€)(€) (») ^ su P E x[ v {^X&){ x t) + V( Vt )(x t )], 

where and C" ,r? should be the first and second derivatives of the state 
process x^' x with respect to its initial position in some sense. For this reason, 
in Section [6l we introduce the quasiderivatives which are more general than 
the traditional derivatives of stochastic processes and can somehow fit in the 
expectations on the right-hand side of (|3.ip and (|3.2p . 

We hope that and r]r ,ri are tangent to the boundary, so that we 
can replace v on the right-hand side of (|3.ip and (|3.2p with g. Therefore, in 
Section [7J we seek such quasiderivatives by choosing appropriate parameters 
in their expressions. Note that since the diffusion processes are random, we 
have no way to figure out when or where they will exit the domain. Thus 
it is not an easy task to make the quasiderivatives always tangent to the 
boundary when the diffusion processes exit the domain. With the help of 
two nonnegative local supermartingales, we are able to show that our first 
quasiderivatives are tangent to the boundary when the diffusion processes 
exit the domain almost surely. 

Gathering these auxiliary tools and results, we prove Theorem 12.21 and 
Theorem 12.31 in Sections [8] and [9j respectively. More precisely, after estab- 
lishing (|3.1|) . by replacing £ with — £, we obtain the first derivative estimate. 
As far as the second derivatives are concerned, we notice that 

4«(0(u) = v (t+vM+v) ~ v (ii-vm-v)> 
so it suffices to estimate From (|3.2I) we can just get the second 

derivative estimate from below. To obtain the second derivative estimate 
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from above, we make use of the associated Bellman equation under the 
assumption of weak nondegenercy. The existence result is known, and the 
uniqueness result is a corollary of a theorem in time-inhomogeneous case. 

4. Proof of Theorem 12.11 

Theorem 12.11 is a direction conclusion from the following lemma, which 
says that the moments of the exit times are uniformly bounded under As- 
sumption 12.11 

Lemma 4.1. If Assumption PO holds, then for any x € D, 
(4.1) sup££r n < n\\ip\^ijj(x), Vn G N. 

Proof. It suffices to prove the inequality for each a £ 21 and notice that 

E«t <-E% [ L^dt = i>{x) - E^(x T ) = t/>(x), 
Jo 

f'OO f'OO 

E*T n =nE* {r -t) n - l l T>t dt = nE l T>t E(T cv ° t ) n - 1 dt 
Jo Jo 



<n sup ^r"" 1 • E%t < n sup E*T n ~ l • 



Proof of Theorem \2.1\ Notice that 

\v{x)\ < |s(x)| ,aD + sup |/ q |o,d supK^r < \g(x)\ ,dD + tp(x) sup \f a \ 



5. Reduction to derivative estimates 



□ 



□ 



Proving Theorems 12.21 and 12.31 can be reduced to a priori estimate on the 
derivatives of v. This is due to the well-known C 2 ^ regularity result for 
fully nonlinear nondegenerate elliptic equations, together with the following 
lemma. 

Lemma 5.1. For each e > 0, define 

(5.1) x^ x {e)=x + I a aa dw s + [ eldw s + [ b a °ds, 

Jo Jo Jo 

where wt is a d- dimensional Wiener process independent of wt and I is the 
identity matrix of size dxd. Let T a ' x (e) be the first exit time of x^' x (e) from 
D. Consider the corresponding value function 

v*(x) = supE% \g{x T{e) (e))e-^ + [ ' f{x t {e))e~^c 
aest L Jo 

If f,g e C ^{D), then we have 

(5.2) limb e - v\ D = 0. 

e4-0 
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Proof. Since f,g and e~ x A 1 are all globally Lipschitz, to show (|5.2p . it 
suffices to prove that 

(5.3) limsupE'" sup \xt(e) — xt\ = 0, 

40 as2t t<r(e)Ar 

(5.4) lim sup ££|r(e) Vr-r(e) A r| = 0. 

To prove (|5.3p . we notice that, for any constant T £ [l,oo), 

sup |x t (e) - x t | <££ sup |xt(e) - x t \ + KP(r > T) 

t<r(e)Ar t<r(e)ArAT 

=e££ sup \w t \ + ^Ey 

t<r(e)/\T/\T 1 

<3eT + ^(x). 

By taking the supremum with respect to a on the left side and letting first 
e \. and then T f oo, we obtain (|5.3p . 
To prove (|5.3p . we notice that 

£>(e) V r - r(e) A r| = E a x (r - r(e))l T > T(e) + ££(r(e) - r)l T<r(e) . 
Then we estimate both terms. We have 



E a x (r - r(e))l r>T(e) <-E% [ L^{x t )dt 

JrfelAr 



r(e)Ar 

=- E ?(V'(aV( e )) ~ ^( a; r(e)(e)))lT(e)<r 

U(x T(e) ) - V»(x T(e) (e))) l r(£)<T <T + 2Ho,dP(t > T) 



If 

<|^|o,i,d^ sup |xt - xt(e)| + -=E%t. 

(<T(f)ArAT J 

Similarly, by notice that 

(5.5) L a {e)4> = L a ^ + eAi(j < -1/2, 

for sufficiently small e, so we have 

E(t £ - t)I t<t s < - 2E% [ ( } L(e)^{x t (e))dt 

Jr(e)AT 

<2\4>\ 0XD E% sup |x t -x t ( e )| + ^^r. 

t<r(e)ATAT 1 

It turns out that 

£^|r(e)Vr-r(e) A r| < e KT+^. 

Again, by taking the supremum over 21 on the left side of the inequality and 
letting first e \. and then T f oo, we obtain (|5.4p . □ 

Now we state our reduction and explain how it works. 
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Remark 5.1. To prove Theorem \2.2\ it suffices to establish the first deriva- 
tive estimate \2. 9\) by a priori assuming that v G C 1 (l)). Similarly, to prove 
the regularity results in Theorem \2.3[ it suffices to establish the second de- 
rivative estimate \2. 1 0\) by a priori assuming that v G C 2 (D). Moreover, it 
doesn't hurt to suppose that f a ,g G C 2 (D) when estimating the derivatives. 



Indeed, for the controlled diffusion process given by (J5JJ), its diffusion 
term is of size d x (d + d\) in the form of o~ a (e) = (cr a |e/). As a result, its 
associated Bellman equation is 

sup [(o«(e)) + (6«)i^ - c<V + /«] = 0, 

where a a (e) = a a + el, which is nondegenerate for each e > 0. Suppose that 
f a and g are as smooth as we want. By Theorem 7 in Section 6.2 of [6], we 
know that for each e > 0, the nondegenerate bellman equation with Dirichlet 
boundary data has a unique solution vf in the class of C 2,/3 (D). By Ito's 
formula and the uniqueness of this PDE problem, we see that u e = v e , which 
implies that the first and second derivatives of v e exist up to the boundary, 
for each e > 0. 

Then we may estimate the derivatives of v e . First, Assupmtion 12 . 1 1 implies 
that for sufficiently small e > 0, 

supL a (e)^(x) = sup L a ip(x) + eA^(x) < -1/2. 

Second, define A(e) = {a a (e) : a G A}. From Assupmtion 12.21 we see that 
for any orthogonal matrix O of size d x d, 

OA{e)0* = OAO* + eOO* = A(e). 

They play the same roles as Assuptions 12.11 and 12. 2} respectively. 

Once we obtained the first derivative estimate (12 .9p for v e , we know that 
v e is locally Lipschitz for each sufficiently small e. Notice that the constant 
N in ()2.9p doesn't depend on e. Therefore by letting e | 0, we conclude that 
v is locally Lipschitz, and then obtain the same first derivative estimate a.e. 
in D. 

If we have the first inequality in (|2.1ip for v e , which is the second deriv- 
ative estimate from below, we have 



x\ 2 + ib[ log — — 1 , 

V b K J] (0(0 

, 4) , 



4> 



v hm + N 

in the set {x G D : if) < k}. Then we see that the function given in (|2.10p 
is convex {x G D : ip < k}. Again, the constant iV here doesn't on e. By 
letting e \, we have the same conclusion for v. If we furthermore have the 
second inequality in (I2.1ip for v e , then we know that the derivatives of v e are 
locally Lipschitz, by letting e 1 0, we conclude that the second derivatives of 
v exist almost everywhere, and satisfy the second derivative estimate (12. ill) . 
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Observe further that for each fixed e > 0, the functions f a and g can be 
uniformly approximated in D by sufficiently smooth functions, in such a way 
that the constant N in (|2.9j) and (|2.11j) increases by at most a factor of two 
when f a and g are replaced with the approximating functions. Therefore 
we may suppose f,g G C 2 (D) when estimating the derivatives. 



6. QuASIDERIVATIVES AND AUXILIARY CONVERGENCE RESULTS 

In this section, we introduce the quasiderivatives and collect auxiliary 
convergence results to be used repetitively Sections [8] and [H 

For each a S 21, let rf , ff , 7rf , 7rf , P", P" be jointly measurable adapted 
processes with values in R, R, R dl , R dl , Skew(d, R), Skew(d, R), respectively, 
where Skew(d, R) denotes the set of all d x d-size skew-symmetric matrices. 
Let e S [0, 1] be constant. For each a G 21, x, y, z G D, £, rj G R rf , we consider 
the diffusion process defined by (j2.2[) and the following six other stochastic 
processes: 



(6.1) 
(6.2) 



dzt' z (e) 



9?{e)e eP "a at dw t + 0f (e)6 Qt - J8?(e)e 



ePi* at c 

4 cr 4 e7T7 



)f{e)e eP ?e^ p ?a at dw t 



dt, 



(6.3) 
(6.4) 

(6.5) 
(6.6) 
where 

(6.7) 
(6.8) 



+ 



)a {e)e eP? e ^P? a a t{e7r a + ~a 



dt, 



j~a,0 



rf C7 Q4 + P/V C 



dw t + 



2rfb° 



a "TV* 



dt, 



(rf )>« 4 + (P? + 2r?P? + (Pf)> Q< 



+ 



2ff6 a * 



--TT^dwt, 



a at n? 



--n?dw t + d(£?<°) 2 -d{£ 



2(r?a at +P t a a at )iT 



dt, 



e) =1 + — arctan (vr2erf ) 
1 



d H arctan 

7T 



vr(2eri + e 2 rf) 



In ()6.ip and (16. 2|) . notice that when e 



0, we have and xf 



In 



Lemmas 16.21 and 16.31 we will prove that under suitable conditions, £f and 



a, 1 1 



, given by f)6.3f) and ()6.4|) respectively, are the first derivative of yf ,x+e ^(e) 
and the second derivative of z "' x+t ^ +e ^ 2 (e) in an appropriate sense (see 
(|6,12p and (|6.19|) ). respectively. We call £f'^ the first quasiderivative, rff' v 
the second quaisiderivative, ff ,0 the first adjoint quasiderivative and f)f ,0 
the second adjoint quasiderivative. The auxiliary processes rf and rf come 
from random time change, 7rf and 7rf are due to Girsanov's theorem on 
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changing the probability space, and P" and P" appear in order to utilize 
Assumption 12.21 

Sufficient conditions should be given on the auxiliary processes such that 
(|6,ip - (|6.6p are meaningful. Note that, in the next section, we will define the 
auxiliary processes rf , 7rf , and P t a as functions of therefore (|6.3p will 
be a stochastic differential equation. We provide the following lemma which 
is applicable to the quasiderivatives defined in next section. 

Lemma 6.1. For each a £ 21, ifrf, {irf) k and are all in the form 

of (£t,pf), where pf is independent of £^ and satisfies \pf \ < C, and rf , 
(7rf ) k and (P")^ are all in the form of qf , which is independent ofr]f' v and 
satisfies J Q |qf | 2 < oo a.s., for all t > 0, then 116. 3\) has a unique solution up 
to indistinguishability, and i6.1]) - [6T6\) are well-defined. 

Proof. Since rf , (nf ) k and (P^) 1 -' are affine functions of £° , by applying 
Theorem V.l.l in [9], we conclude that (|6.3p has a unique solution up to 
indistinguishability. Moreover, apply Lemma 3.1(1) in [15] to with 
M t a = 0, we have, for any constants T,p £ (0, oo), 

r e^ier ifp>2 

(6.9) supSf sup |6| p < { e NT^~P l f ,p ifo<2 

which implies that 

fT 



/ ier ? r < oo, a.s.. 



To prove that (|6.1|) is well-defined, it suffices to show that for any T £ 
(0, oo), a.s. 

2 



/ 

Jo 
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which is true since 



>f(e)e E ^ a at + Bf{e)b at - J9f(e)e e ^ a at eirf 



dt < oo, 



f(e)e^ a at \\ < ^?>/2K Q , K{e)b a >\ < (3/2)K , 



Of (e) e eP " a at eirf \ < y^K C\^\- 

Similarly, we can prove that (16. 2|) . (I6,4l) - (l6.6p are well-defined. □ 

In the next two lemmas, we collect convergence results to be used in the 
proof of the main theorems. 

Let U be a connected open subset of D. Define 

t$ x = inf{t > : xf x i U}, 

f^(e) = M{t > : y?«(e) $ U}, f^{e) = inf{t > : z**(e) £ U}. 

Lemma 6.2. Suppose that the assumptions on rf , rf, irf, %f , Pf and P® 
in Lemma lg.il hold. Given any x £ U , £ £ M. d and constants p £ (0, oo), 
p' £ [0,p), T £ [l,oo), we have the following results. 
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Given stopping times 7" satisfying 7° < Tj/ for each a G 21, we have 



.10) 



supE 1 ? sup |£t| p < 00. 

ag2t <<7AT 



Let t/ie constant eo < 1 be sufficiently small so that B{x, eo|£|) C f7. For 
any e € [0, eo], given stopping times 7 a (e) swc/i i/iai 



7 (e) < V A V ( e ) 



/or eac/i ct € 21, we have 
(6.11) 



lim sup E sup 

40 Qg 2l t< 7 "( e )AT 



Wt 



ef 



.12) lim sup sup 

40 Q ga i<7"(e)AT 



Vt 



(e)-x 



t 



0. 



If for each a € A, the function h a : U — >■ M is in £/ie c/ass 0/ C 0,1 (C7), and 
i/ie Lipschitz constants of h a are uniformly bounded in a, then we have 



(6.13) lim sup E sup 

40 a & t< 7 "(e)AT 



h a <(y?' x+ %))-h a *(x c t 
eP' 



0. 



If furthermore h a E C 1 (C/), and /i" are uniformly continuous in a, then we 

have 

(6.14) 



lim sup E sup 



uat ( r a > x \ 



0. 



Proof. In the proof, we drop the superscripts a, at, etc., when this will not 
cause confusion. 

The first property f|6. lOj) has been proved in Lemma l6.lt see (|6,9p . 
To prove the others we first consider the Ito stochastic equations (3.1) 
and (3.2) in [15] where 



<*>C _ 

- x t , 



Ct (e) = Vt (e)- 



a,x+e£ 1 



Notice that 



\VW)-i\ = (VjOl^gfrgfrOj < 2e|n| 

V^i(e) + 1 



eP t 



,|e" 1 - I dxd || =e||P t e 
where e' G (0, e) is non-constant and due to Mean Value Theorem. Therefore, 
|K(y,e) - K t (x)\\ <\\a\\ [(y/e^ej - l)||e ePi || + ||e ePt - J dxd ||] < eK C\Z t \sVd, 



(y,e) - v t (x)\ <2e|n|||o-|| + (3/2)||<7||Vde|7r t | < eK [2 + (3/2)y/d\ C|&|. 
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Applying Lemma 3.1(2) in [15] with M = and = M(K , C, 
we have 

supE sup \y?' x+e He) ~ x t' X \ P 

a€2l (<7 (t)AT 

r7 (e)AT 1 

|e| p + (2p - 1) sup E a / Mfcft 
a&A Jo 



< < 



C P C NT*-P 



2-p 

Due to (|6.10p . we have 



|£| p + 3 p/2 ( sup£° 



7 (e)AT 



M?dt 



p/2 



if p > 2 
if p < 2. 



sup sup 

[0,e ] "63 JO 



7 (e)AT 



M 2Vp dt < OO, 



which completes the proof of (|6,lip . 

We next consider the ltd stochastic equations (3.1) and (3.2) in [15] with 



a,x+e£ i \ a.x 



Observe that 



(6.15) 



2r t 



n 



'(e')9 t (e>) - {6' t {e')f/2 



2(^(e')) 3/2 



,eP t _ 1 



2 II * II - 2 11 * 



The equation (|6.12p can be proved by mimicking the proof of (|6,lip . 
To prove (|6.13p . it suffices to notice that 

\h a (y)-h a (x)\<avp\h a \ ,i,v\y-x\, 

and then apply (|6.1ip . 

To prove (|6.14p . we notice that 

h a (y)-h Q (x) 



h«{\x + (\-\)y)-h a x {x) 
h a x {\x+{l-\)y)-h a x {x) 



y-x 

e 

y-x 



h«{x) V —-t 



{\-x\<S n + l|y-a:|><J„) 



+ sup \h a \ ^u 



y-x 



where for each n € N, 5 n = 5 n (x) is a positive such that 

sup \K(y) - K(x)\ < 1/n, V|y - x\ < S n . 
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It follows that 

h a {y) - h a (x) 



< 



1 \y — x\ 



n e aeA 
Therefore, for p > 1, 

sup E sup 

aea t<7 a (e)AT 



y-x\ 



+ SUp |/l°|o,l,C/ 2 l| 2 /- :C |>5n + 



y - x 



h at (y?> x+£ t(e)) ~ h at (x? 



W 1 " 



< 3"/i(e, n) + 3" sup 1 „(2'h(e,n) + h(e)), 



where 



ii(e, n) =— sup E sup 

re aG2l i<7°=(e)AT 



1% 



a,x+ei _ Q,x>p 



Ii (e, n) = sup -E I sup 

a£2l \t<7 a (e)AT 



a,a;+e£ _a,as i 



1% 



<-pSupE sup ^ !— . 

On a£2l t<7 a (e)AT eP 



I3 (e) = sup E sup 

a€2l t<7 Q (e)AT 



a,a;+e£ a, a; 



;2\ 



By first letting e J, and then n f 00, (|6.14j) is verified. 



□ 



The next lemma is the second order counterpart of the previous lemma. 

Lemma 6.3. Suppose that the assumptions on rf , rf, irf, itf, P t a and P t a 
m Lemma \6.1\ hold. Given any x G [/, £, 77 G M rf and constants p G (0, 00), 
p' G [0,jp), T G [l,oo), x G D, £ G R d , Tj G K d . We aaue i/ie following 
results. 

Given stopping times -y a satisfying 7" < t^' x for each a G 21, we aai>e 
{OOP and 



3.16) 



supE 1 " sup \rjt\ p < 00. 

aG2l t<7AT 



Let the constant eo < 1 be sufficiently small so that B(x, eo|£| -(- e§ 1 77I /2) C 
U. For any e G [— eo,eo], given stopping times J a (e) satisfying 

7 (e) < V At v (e) At,, (-e) 

/or each a G 21, we aave 



■ a,x+e5+e 2 r;/2, v _ a,Xi p 

.17) limsupE sup ^ ^ L_L = 0, 



REGULARITY OF NONLINEAR DEGENERATE ELLIPTIC EQUATIONS 



15 



(6.18) 
(6.19) 



lim sup E sup 

e-S>0 Qg2 i t<-y a (e)AT 



a,x+t£+e 2 r]/2 l 



lim sup E sup 



a&& t<7 Q (e)AT 



-Vt 



0. 



If for each a £ A, the function h a : U — > R is in i/ie c/ass of C®' l {U), and 
the Lipschitz constants of h a are uniformly bounded in a, then we have 



(6.20) lim sup E sup 

£ -> ae2l t<-y a (e)AT 



\h at (z"' x+ ^ +e2ri ^ 2 



(e))-h^(xt' x )\ p 



0. 



If furthermore h a S C l (U), and are uniformly continuous in a, then we 

have 

(6.21) 

r(r £e+EV2 W)-^(^)_ , at 



o. 



lim sup E sup 

If furthermore h a E C 2 (U), and h® x are uniformly continuous in a, then we 

have 

(6.22) 

h a *(z?' x+e * +£2ri/2 (e)) - 2h°*(x? x ) + h^(z^ +£2r ' /2 (-e)) 



lim sup E sup 

e ^°aea t<7«(e)AT 



-h at . 



X x t ' ) h(~ a ^){ x t ' ) 



0. 



Proof. Again, we may drop superscripts a, at, etc., when this will cause no 
confusion. 

The trueness of inequality (|6.16p is obvious due to the assumptions on rf, 



t > 



7r°, 7r", P" and P° given in Lemma 16. II and the inequality (|6.10|) . 



The equations (|6.17)) and (|6.18p can be obtained by repeating the proof 
of (EH) and (ISIl. 

To proof (16. 19f) . we consider the Ito stochastic equations (3.1) and (3.2) 
in [T5] with 



c 



0,77 



and then mimic the proof of (|6.12p . 

Finally, (|6.20p - (|6.22p are nothing but staightforward extensions of (|6.13D 
and fl6Ti]) . □ 

We end up this section by showing a convergence result about the stopping 
times to be applied in the proof of the main theorems. 



Lemma 6.4. Suppose that Assumption \2. 1\ holds. 
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(1) Let T be deterministic time. We have 

(6.23) lim sup E% (t d - t d A T) = 0. 

Ttoo a& 

(2) // l6Jl\) holds with p = 1, p' = 0, 7 Q (e) = rg'* A f°' x+e5 (e) ; for all 
T E [l,oo), i/ien we /iawe 

(6.24) lim sup E(t% x - 7 a (e)) = 0. 

(3) // {Of ZioZd mtfi p = 1, p' = 0, 7 a (e) = t% x A f ^^^(e) A 

(6.25) lim sup E(t%* - 7 a (e)) = 0. 

40 ae2l 

o/ i/ie statements above are still true when replacing D with D$ = {x E 
D : i> >5}. 

Proof. We drop the subscript D and the argument e for simplicity of the 
notation. 

We first observe that, for each a E 21, 



\o,D- 



T ' 



E«(t-t AT) <- El I L a i){x t )dt = E^(x tAT )1 t> t < 

J r AT 

which implies (j6.23[) . 

Next, notice that, for any a E 21, 

„ r a,a: 

£( r «>z _ 7 «) < _ £ / L a ^(x^ x )dt 

=E\^[x-' atX+( ,^j — 1p(jJ f a,x+e^) J ^-fa,x+e( <T a,x 

Due to (I6.13p . we have 

lim lim sup £(r"' x - t% x A r^ +£f (e)) = 0. 
no 40 aesi 

To prove (|6.25|) . we just need to notice that for any stopping times r, t\ 
and T2, we have 

r - r A ri A t 2 = (r - r A Ti)/ T1<T2 + (r - r A T 2 )/ T1 > T2 . 

For the conclusions when the domain is D§, it suffices to repeat the proof 
with if) replaced with ip — 5. 

□ 
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7. Construction of barriers and quasiderivatives 
For constants 5 and A satisfying < 5 < A, define 

D s = {x G D : 5 < ip(x)}, D X = {x£D: ijj(x) < A}, 
Dg = {x e D : 5 < %l>(x) < A}. 

Here we construct two barriers. The boundary barrier Bi(x,^) is defined 
on Dg x M. d , and the interior barrier E>2(:r,£) is defined on X M. d , where 
A £ (0, 1) is a sufficiently small constant throughout this article which will 
be determined in the proof of Lemmas 17. 1 j. 17.21 and 17.31 and 5 is an arbi- 
trary constant in the interval (0, A 2 ) in this section, which will approach 
zero in the proof of Theorems 12.21 and 12.31 We construct the barriers and 
quasiderivatives in such a way that BjCx^,^) and B 2 {x^ x ,^) 

are local 

supermartingales. 

Due to Assumption 12. 1\ we suppose that 

4(lkllo,A + \b\l,A) < - sup L a if>(x) f Vx G D, 

a€A 

by replacing ip(x) with 4( 1 1 cr 1 1 § ^ + |6|q A )ip(x). 



Lemma 7.1. In x 



let 



with 



Bi(x,0=7 



m\ 2 + 



2 n 



1_ 4A^ 



For each a, we define the first and second quasiderivatives by A6.3\) and 
6.4% in which 



rf := r(x^' x , £j* ), where r(x,^) := p(x,£) + 



with /o(x,£) := 



^ip x k(ip x k)(£); rf := f(x^' x ,^), where r(x,£) :- 



7T. 



? := 7r(xr,C' f ), where 7r k (x,0 := ^(l 



■0 2 ' 



2A 



,Vfc = l,...,d 1 ;7rf 



0,0 



-27T? 



TT^dw s ; 



Vj,k = l,...,d i; P t a := 0. 



Let rf = T^'f. When the constant A is sufficiently small, for all x G ZA3 



and £ £ R rf , we /iaue 
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(1) For each a G 21, BJ(x° ,,£ , * s a focal supermartingale on [0, rf ] /or 
eac/i KG [0, 1 + «i], where k\ = k,i(Kq, d, do, D, A, 5) is a sufficiently 
small positive constant; 



2) sup££ )€ / 1 (\Ct\ 2 + J ^ L )dt<NB 1 (x,0; 



(3) sup^sup^^iVBi^O; 

aG3 



t<T? 



(4) sup^sup|| t | 2 <JVBi(x,e); 



t<7f 



(5) sup^sup|^| < JVBi(x,0; 



t<T? 



Vt\ 2 dt 



1/2 



< iVBi(x,0; 



(6) sup£ a 

where N is a constant depending on Ko,d,di, D and A. 

Proof. We drop the superscript a throughout the proof. We may drop the 
argument x or xt when this will cause no confusion. Also, keep in mind that 
the constant K £ [1, oo) depends only on Ko,d,di,D, while the constant 
N G [1, oo) depends on Kq, d,d±,D and A. 

We first notice that (I2.ip , there exists a small positive constant fi depend- 
ing on the domain D, such that \ip x \ > 1/2 in D^. By choosing A small than 
/i, we may assume that \ip x \ > 1/2 in D A . 

By Ito's formula, we have 



dt. 



+ 



Due to our choices of r and P, we have 

^2(i>xxO-k, Po-k) = tr{o-o-*ip xx P) = 0, 



(7.1) 
Thus 

(7.2) 



%)K) + WW) + ^(p CTfe ) = 0. 



r/f. 



Let a := ra + Pa and 6 := 2rb. Again, by Ito's formula, 
dB 1 (x t ,Ct) = T 1 (x t ,Ct)dt + A 1 (x t ,Ct)dw t , 

with 



L 7 



+ 7 + 2(£,b - cnr) + \\a\\ z + 2/3 {(7fc) (£, 
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+ 2- 



1> 



4), 



--h +I 2 + h + 7 (Ji + J2 + J3 + J 4 ), 



where 



^ 2 



7 2 = - 2 7 /3(£, <7tt) - 2 7 -^ ((T7r) + 7K) [2/3(£, ^ 



+ 



h =7K)i 2/?(£,pa fc + P<7 fe ) + /3 K) |^ 



^2 

J 1= |£| 2 L/3 + 3^L^ 

^3 =2/3( CTfe )(C,0 : fc), ^4 



J 2 = /3 
0%) 



2(£,&) + ||a| 



(L^) (e) + 2/>L^ 



In order that B\{xt, £t) is a local supermartingale, we need that ^) < 0. 
To this end, we estimate from I\ to J4 term by term: 

h<-\\Lm?-^ n) \i\ 2 



' 2 = -(i-|> 2 < t) <o, 



<akui 2 + -4,jei 



4A 



|e| 2 + 3l-f^ 



2 



J 2 <2 



2|^i(iriei + 2M| 6 |) +E (^| + M|^ : 



<*Ki a + ^i^i, 



(0 



V> 2 
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J 3< 2 ^El^ fe )ll^l(^l + ^l^l 
k 



1 

< — 

-4A 



1 2 lel 2 , Q ^h 



(l/8 + ^ fe ))l^ + I g X ^ fc )le| 2 + 8A^||a 



1 _ 2 , 16AX + 1 /2 |t|2 , 



2 



j 4 < 2 ^iei<^i 2 + % 



■0 '0 2 



Collecting our estimates above we see that, for all (x, £) £ x 



-I|LV| + Ak)|£| 2 + 7 



16A 1 ^' 32A/ |S| 

/ 1 16AK + 1\ )2 _ |2 / 3._ .. A^fo 
+ ( " 32A 2 " + -64^)^)1^ + ( - 2^ + # 
By choosing sufficiently small positive A, we get 

(7.3) Ti(x,t) < -(1/4)|C| 2 - (7/2) < -(1/4)|^| 2 - (A 2 /2) 



^,2 ^p2 

It follows that Bi(xf,^) is a local supermartingale on [0,rf]. 

For each k < 1, Bj(sct,^t) is a local supermartingale since the power 
function x K is concave. If n > 1, by Ito's formula, we have 

<mi(x t ,£ t ) =kB^ 1 (x 4 , 6)Ai(xt, £ t )dw t + &i(x t ,Zt)dt, 



where 

A!(x,e) = «Bj- 1 (s,e)ri(x,o + ^^Br 2 (x,oiiA(x,e)ii 2 

Notice that 

KBrW)ri(*,£) < - (A 2k " 2 /4)|£| 2k , 

1) -Br 2 (s,e)iiAi(x,e)f<(«-i)c(iif,A J j)iei 2K > 



2 

therefore Ai(a;,£) < when « — 1 is sufficiently small. Thus (1) is proved. 
From (JE3D, b y letting A = A 2 /2, we have 



ri(x,£) + A (|£| 2 + ^) <0, V^Oe^xE". 



Therefore, 



l6l 2 + -^)< 



2 



02 



which proves (2). 
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To show (3), by Davis inequality, for r„ = rf A mf{t > : |6| > n}, 



£sup|6| 2 <|£| 2 + / (2\^\-\b t -a7r t \ + \\a\\ 2 )dt + QE 

t<T n JO ' 



m,v t )\ 2 dt 



<\C\ 2 + ne^ (\z t \2 + J£f)dt + E(l n iv|6| 2 (|6l 2 + 



V' 



(ft) 



t 2 



dt 



<NB l (x,0 + E 



sup |6I 

t<T n 



N(\Zt\ 2 + 



(6) 



2 



di 



<NB 1 (x,^) + -Esu V \^ 

1 t<T n 



which implies that 



£sup|6| 2 < JVB!(x,0- 



Now (3) is obtained by first letting n — > oo and then taking the supremum 
with respect to a. 

To show (4) it suffices to notice that 



t<rf 



£ sup |6| < *E / |7T t rdt < NE 



I6I 2 + 







(50 



dt. 



Now we estimate the moment of the second quasiderivative rjt ■ Based on 
our definition, we have 

drjt = G t dw t + H t dt, 

with 



||Gi||<iV|6| M6I + 



ol 







Let 7t = 7(xj). By Ito's formula we have 
where 



G(x,6^) =e 27t 2M 



1 



1. 
2A 



/ V \ 2 

I 1 - 2A ) ^) 



+ 2(r ? ,if) + ||G|| 2 + 4(r / ,G)^ fe) (l-^)} 



<e 27t 



4) 

V^ 2 



+ W 



H 2 + iv(H + |ei 2 )^| 2 + 

Then for any bounded stopping time r we have 
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Let r n = rf Ainf{t > : e 7 %| > n}. Recall that 77 = 0. By Theorem III.6.8 
in [9], we have 



£ sup (e 7 1 7ft |) <3E 

t<T„ 



1b 2 \ 1 V 2 

^ 27t (M + l6l 2 )(l6l 2 + ^ + N)^ 



<NE^ sup 

t<T n 



^ 2 



1/2 



<^sup(e 7t |7 ?t |) + iV J Esup|6| 2 + A r ^ T" (|6| 2 + 



(SO 



t<T„ 

+ 2F 



( sup I |t I 

\t<T n 



\nt\dt 



,/,2 



tit 



<-E suv(e*\rit\) + NB^x,®. 

1 t<T n 



It follows that 



E sup |?7i| < Fsup(e 7i |? ?t |) <jVBi(x,f), 

\ 1/2 

|r?t| 2 dt <iVBi(x,0- 
/ 



E 



Letting n — > 00 and then taking the supremum over 21, (5) and (6) are 
proved. □ 



Lemma 7.2. In D X 2 x R d , let 



m\ 2 + 



4) 



where 9 G (0, 1/3) and K\ G [1, 00) are constants depending on Ko,d,di,D, 
to be determined in the proof. 

For each a, we define the first and second quasiderivatives by ( fOj) and 
\6.-j\j, in which 



rf := r(xf ,x , ), where r(x,£) :- 



j ' t 



0; 



7T. 



f := vr(x° ,:r ,^ Q ' 5 ) ; where -K k {x,C) := 



9(1 - 29f „ a 
1, d\, and v = ^TTw n t 



^iV'(C) cr fe)+^(O^K) 
t 



,VJfe 



2(1 - 35) 



a,0 



-27T t a / vr^w. 



P« = p t a ■= 0. 



Zei T2 = . For x G -D^ and £ G K , u;e /icwe 

(1) For eacft a £ 21, B^x^*, £*' C ) is a /ocaZ supermartingale on [0, T2] 
/or eac/i k G [0, 1+/C2], where k 2 = k 2 (Kq, d, do, D, A) is a sufficiently 
small positive constant; 
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\£trdt<NB 2 (x,0; 



o 



(2) sup£? 

(3) supif sup|6| 2 <NB 2 (x,0; 

a£2t t<r 2 

(4) sup£ a sup|£ t | 2 < Aa3 2 (x,£); 
aea t<r 2 

(5) sup ^ sup 1 7ft | < NB 2 (x,0; 
aea t<r 2 

1/2 



^2 



<iYB 2 (x,C); 



(6) sup£ a 

where N is a constant depending on Ko,d,di, D and A. 

Proof. Again, we drop the superscript a throughout the proof and may 
drop the argument x or xt when this will cause no confusion. Also, keep in 
mind that the constant K G [1, oo) depends only on Ko,d,di, D, while the 
constant N G [1, oo) depends on Kq, d, d\, D and A. 

Notice that the factor A 3e is a constant, so it doesn't hurt to ignore this 
factor throughout the proof of this lemma. 

By Ito's formula, we have 



dB 2 (x t ,£t) = T 2 (x t ,£ t )dt + A 2 (x t ,£t)dw t , 



with 



r 2 (x, f ) =K 1 ip 1 - 29 2(£, 2rb - an) + ||m| 



+ K^tf (1 - 2B)^- 29 L^ - 0(1 - 26)ip 



-29-1 -.2 



+ K 1 2(l-20)(£,ra^- 2 Vv fc) 



+ 



V>- 29 {2^ } [(i^) (0 +2r^-V( 



Cfc) 



7T 



+ 



%)(<*)+ r ^(<r k )] } 



2^- 20 - 1 LV + 0(20 + l)V>- 29 - 2 V(U) 



+ r i0 



where 



Ix =4K 1 0(^,b)^ ) + K X (\ - 20)|e| 2 ^ + 2V( C )(LV)( 5 ) + (%)( ff ,)) 2 , 

J 2 =K 1 2 4 ) ||a|| 2 - #10(1 - 20)|£| 2 Vf (Tfc) + 204)L^ - 20^ )K )%)^ K) , 

/ 3 = -2K 2 ^ 2 |(C,^)| 2 + [ - 4^ + 2^0(1- 20)] ^,a k )^ (ak) 

+ [ -2z> + 2 + 0(20 + 1) - 40 2 ]v 2 5) ^ 2 (Tfc )- 

We claim that I±, I 2 and ^3 are all non-positive for suitable K\, and v. 
First, to estimate I\, we notice that 



h < 



4#i0|^|o,d|6|o,d +K- #i(1 - 20)|L^| 
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If 9 is sufficient small such that 40|3/> :c |o ) dHo,d < 1/4, then we have 



h < 



(1/4)K 1+ K- (1/3)^1^1 |£| 2 < K- (1/12)^x1^1 



Therefore, Ii < -K\£\ 2 for sufficiently large K 1 > 24K. 
Next, to estimate I2, we observe that 



It follows that 



I 2 <# 



(Ki<? + 1)|H| 2 + 2L?/> +0 



K - i-G (1 



20) |e|Vf fffc 



By first choosing sufficiently large K\ such that K — (l/3)ifi < and then 
sufficiently small 9 such that K\9 < 1, we get I2 < 0. 

To estimate I3, by letting Ofc = <7fc) and bk = ipu\ipf ak \, we can rewrite 
I\ as 



-2Kfual + - 4^11/ + 2^1^(1 - 29) 



2u + {l 



In order to make the above quadratic form non-positive, it suffices to find a 
constant v > such that the discriminant equals zero, which yields that 

u = 9(l- 2#) 2 /[2(I - 39)} > 0. 

This is exactly how v is defined in the statement of the lemma. 

Collecting the estimates above we see that, if we pick the constants K\ = 
2\K and 9 = min{I/3, 1/K lt l/(W\ip x \o !D \b\ 0;D )}, then 



(7.4) 



r 2 (x, < -4>- 2e K\tf < 0, V(z, € D X 2 x 



Thus B2(xt,£t) is a local supermartingale on [0, T2}. 

Properties (l)-(4) can be verified by almost repeating the proof of Prop- 
erties (2)-(4) in Lemma 17.11 To prove (5) and (6) we apply Ito's formula 
to exp(2-y/ ip(xt))\r]t\ 2 and then mimic the proof of Properties (5) and (6) in 
Lemma 17.11 

□ 

Lemma 7.3. For sufficiently small X, we have, 

(7.5) Bi(x,£) >4B 2 (rr,0 on {x : ip(x) = A} x R d , 

(7.6) B 2 (x,£) >4Bi(aj,0 on {x : ^(2) = A 2 } x R d . 
Proof. Direct substitution leads to 



Bi(x,0 



(35/32)|e| 2 + 



4) 
4, 



A 2 (2 



1 + 



A - A 2 /4 



iei 2 + 



(0 



1> 



if ^ = A, 
if ip = A 2 ; 
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2 r > 



^iiei 2 + 



if V = A, 



if V = A 2 



Recall that K\ and # don't depend on A, and 8 £ (0, 1/3). Therefore, 
and (|7.6p are true for sufficiently small A. 



□ 



With quasiderivatives in both of the subdomains D$ and D\2, we next 
construct quasiderivatives in D$. Roughly speak, we glue the quasideriva- 
tives constructed in Lemmas 17.11 and 17.21 

Let x,y,z £ D$ and £, 77 £ M d . We start from defining stopping times as 
follows: 



_a,x 
5 

a,x 
1 
a,x 


a,x 
1 



= inf{t > : x?> x i D s }, 
=0, 

-Anf{t>0:iP(x^ x )<\ 2 }, 

-Tg' x A inf{t > Tq ,x : ip(x^' x ) > A}, 



and recursively, for n £ N, 



'2n 



a.x . ■ r n x a,x 1 1 a,x\ ^- \ 



a.x a.x . ■ pr, — a,x 11 a,x\ \ -i 

T 2n+l = T 6 A lnf l* ^ T 2n : W ) > A}. 

mi £ 1 j. ^ rn a,x\ .1 -1- a.x >*a,x a.x ~a,x -na.x 

ihen tor each t £ [U, t s J, the auxiliary processes r t , r t , n t , ir t , F t 
and Pj*' x are defined by Lemma ITTT1 when i £ [t^_ 2 5 r 2n-i)' an d by Lemma 
17.21 when t £ [t^Lx, t^)- Therefore, on [0, t^' x ), we can define almost 
surely continuous processes r)^' x , £f and r]f based on (|6.3|) - (|6.6|) by 

letting the initial points in each time subinterval be the terminal points in 
the previous time subinterval. Similarly, on [0,Tg' x Afg' v (e)), we can define 
almost surely continuous processes y"' y (e) by (|6.ip . and on [0,r^' x Af^' z (e)) 
almost surely continuous processes z"' z (e) by (|6.2p . Note that based on our 
construction, the processes defined by (|6.ip - (|6.6p have unique representation 
in each time subinterval. 

For convenience of notation, on Ds, we define 



B (*>0 =KeD$ B iM) + KeD x ,B 2 (x,£) 

Bi(x,0 mDf 
min{B 1 (x,e),B 2 (x,C)} in D* 
B 2 (x,0 



B(x,0 



in D, 



irom now on, the stochastic processes r t , r t ' , ir t , ir t , F t ' , F t , 

^r^) ^t*' 1 ) Vti Vt' V { e ) an d z r^( e ) are supposed to be defined in the way 
mentioned above. 



Lemma 7.4. For each x £ Ds, £, £ M , we /iai>e 
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(1) sup^sup|6| 2 < NB(x,0; 
aea t<T S 

(2) supE* sup \i t \ 2 <NB(x,0; 

a&& t<r s 

(3) sup^ / (|£ t | 2 + -Wldt < NB(x,C); 
aea Jo W J 

(4) sup£?|£ 7 | 2(1+0 < NB 1+ \x,£), with I = KiA« 2 ,/or any ^ x < rf x ; 

(5) sup££supM < NB{x,i); 
aea t<r^ 

(6) sup£ a / |^| 2 di) <iVB(x,0; 

a<E2t V JO 7 _ 

(7) supi^B(x 7 ,£ 7 ) < 2B(x,0, for any 7 a ' x < rf x . 

where N is a constant depending on Ko,d,d\, D and A. Meanwhile, the 
conclusions in Lemmas \6.^\6.3\ and \6.4\ are all true for these processes with 
U = D 5 . 

Proof. It suffices to prove the uncontrolled version since the righthand sides 
of the inequalities are independent of a. Let 



B n (x,0 



B\(x, £), for odd n 
B2{x,£), for even n. 



Suppose that the constant N in Lemma l7.1l f 3) and Lemma I7.2f 3) are the 
same by choosing the larger one. For n = —1,0,1,2,... By the strong 
Markov property and Lemma 17.31 we have, 



Ehr n+1 <r s B n+1 (x Tn+1 ^ Tn+1 ) + {l/N)l Tn<TS SUp ||6at,| 2 - \£ t J 
L r n <t<T n +i 

E\E\l Tn+1<T5 B n+1 (x Tn+1 ,£ Tn+1 ) + (l/N)l Tn<TS SUp ll&ArJ 2 - |£r n 



Tn<t<T n + l 

<- E ' 1 T n <ra 2B n+1 (x Tn , i Tn ) 
<El Tn <T S B n (x Tn ,£ Tn ). 

Adding the inequalities over n = — 1,0, ...,m, and canceling duplicate 
terms, we have 



v 



E 



lr m+ i<r 4 B m +i(a: Tm+1 ,Cr m+ i) + Q-/N) 1 rn<r i sup ||6at 4 | 2 - |£rj 

n= — l T n <t<T n + l 

< l^xBi^e) + t xe D x2 B 2 (x,0- 
By letting rafoo, we get 

oo 

E \ E SU P |l^ArJ 2 -|^J 2 |l <NB(X,0- 



T n <t<T n + l 
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t<T 6 



n=-l 



Tn<t<Tn+l 



We can prove (2)-(5) by repeating the argument above, and (6) is implied 
by (5). ' 

The inequality in (7) can also be proved very similarly. To be precise, we 
start from observing that 

E \^-T n+ T L <~f^>n+l( X T n +i i £-r n+ i ) + lT„<7|B(x Tn+l/ \7, (,T n+ iA-f) ~ B(x Tn , £ Tn ) | 
=^{- E, [lr n+1 < 7 B n , + l(x rn+1 ,^ Tn+1 ) + lr n < 7 |B(x rn+lA7 ,Cr„ + iA7) ~ B (x Tn , £ r „ ) | 

<E[t Tn+1<7 B n+ i(x Tn ,^ Tn ) + l Tn<7 2B n+ i(x rn ,£ r J] 

<Et Tn<1 3B n+ i(x Tn ,^ Tn ) 

<Et Tn< ^B n (x Tn ,£ Tn ). 

Then a similar argument leads to 

E^B(x y , £ 7 ) < B(x, + B(x, e) < 2B(x, 0- 

Lemmas 16,21 16.31 and 16.41 are true since the assumptions in Lemma 16.11 

□ 



J T. 



hold for each t E [0, r 5 



8. Proof of Theorem 12.21 



In the proof, for the simplicity of the notation, we may drop the super- 
scripts such as a and x when this will cause no confusion. 

Proof of $2.9\) . First, we fix x G D$ and £ £ M. d . Choose a sufficiently small 
positive eo, such that B(x, eo|£|) := {y : |y — ^1 < e o|£|} C Dg. For any 
e G (0, eo), by Bellman's principle (Theorem 1.1 in [I], in which Q is defined 
by D x [— 1, T + 1], where T is an arbitrary positive constant), we have, with 
the stopping time r < T $ ,x+ ^ A T, 

(8.1) v(x + eO =supE« + Jv(x T )e-^ + /" /«• (x a )e"*'da 
aea L Jo 

Due to Assumption I2.2| ()8. 1|) is still true when we replace the diffusion 
coefficient cr a with e p a a , if P is a skew symmetric matrix of size d x d. 
Together with Theorem 2.1 in [3] and Lemmas 2.1 and 2.2 in we have, 
with the stopping time r < f® ,x+e ^ a T, 



.2) «(x + e0=sup^ +6{ 

aest 



u(y T (e))Pr(e)e-^ (e) + ? T ( 



where y"' y (e) is defined by (|6.ip and 



■3) 



4>f(e) = / 9?{e)c a ds, 
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(8.4) 



(8.5) 



p"(e)=exp( / eir"dw s / |e7r"| 2 <is 



with r s , 7r" , P" defined in Lemma 17.41 

To make the expression shorter, for any x = (x, x d+1 , x d+2 , x d+3 ) £ D x 
[0, oo) x [0, oo) x R, we introduce 

(8.6) V(x) = v{x) exp(-x d+1 )x d+2 + x d+s . 

If we also define 

V?' y (e) = (^"(e), (e),rf (e),q^(e)), xf x = #*(()), 

then for the stopping times 7° = f"' x+e * A t$' x A T A #n'^, where T £ [1, 00) 
is constant, and 1?"'^ = r^' x A inf{i > : > n}, we have 

v(x + e£) = sup^ +ef y(y 7 (e)), = sup££V(£ 7 ). 

«e2i <*e2t 

Due to the inequality | sup Q f a — sup a Q a \ < sup a \ f a — Q a \, we have 

V{y^ + %)) ~ V(x«>*) 



\v(x + e£) — u(x)| 



< sup E 



Here 



^^(e)) - VisS?) 



Il(e, T, n) = sup E 
I 2 {e,T,n) =svpE\V ( t a ,eJx"£ : )\, 



< h(e,T) + I 2 (e,T). 



where 
(8.7) 



St — 1st j St 'St 'St J 



with £t'^ the solution to the ltd stochastic equation (I6.3P and 



(8.9) 
(8.10) 



c d+l,a 



/-d+2,a 



/-d+3,a 
It 



2r°c a ds, 



St I ' 



We claim that 
(8.11) 



+ {2r«-t d+i ' a +t d+2 > a )r°(xr: 



limIi(e,T,n) = 0. 

e^0 



ds. 
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on 



By Lemma 16.21 it suffices to prove that 

-a,x+e£ I \ 

s (e) -x 



.12) 



lim I sup E sup 

40 Vaea t<7 



Vt 



a,x 
t 



In other words, we just need to show 



(8.13) 
(8.14) 
(8.15) 

(8.16) 



lim I sup E sup 

40 \ a & t<7 



a,x+e£/ \ 



lim I sup -E sup 

40 \aea t<7 



d+l,a 
t 



lim I sup sup 

40 Vaea t<7 



: ft 



lim I sup -E sup 

40 VaGa t<7 



9t 



a, £+4 



(0 - £ 



o. 



0. 



The equation ()8.13|) is exactly (|6.1ip with p = 1 and p' = 0, which has 
already been verified. The equation (|8.14p is true because of (|6,15p . To 
prove (|8.15p . we notice that 

Pt( e ) - 1 c a,d+l f* ( / \ n \ , 
e JO 

Recall that the stopping time 7° is bounded by TaC'^ It follows by Davis 
inequality that 



E a sup 

i<7A7„ 



Pt(e) - 1 e d+2 

— ; si 



7^7n 









sup 


_ t<7A7 m 


e 





<3£ 
<3e£ Q 



<3eVTnN/5E a sup 

i<7A7m 

<3eVTnN/SE a sup 

t<7A7m 



(^(e)-l)Vt| 2 ^ 



1/2 



; St 



+ I4f +2 | 



where 7 m is a localizing sequence of stopping times such that the left hand 
side of the inequalities is finite for each m. Collecting similar terms to 
the left side of the inequality and then letting m — > 00, by the monotone 
convergence theorem, we obtain 



(l - 3eVfnN/ S) E a sup 

t<7 



Pt(e) - 1 ^+2 



<3eVTnN/5E a 



7 wV 1/2 



Hence (I8.15P is obtained by first taking the supremum over 21 and then 
letting e 4 0. 

To prove (|8.16p . for each a £ A, we introduce the function: 
(8.17) F a :Dx [0, 00) x [0,oo) xl-> R; x f a (x) ex.p(-x d+1 )x d+2 . 
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From ([531) and (|gTTU|) we have 



9/ 



[ € ) ~ Qt t a,d+3 
St 



F a (yf x+ ^(e))-F a {xT) 



+ 2r*{F a {yf x+ ^(e)) - F a {xf x )) 
To prove f|8. 16|) it suffices to show that 

(8.18) llm ( 8 „ P Es, p F °(»" +<5 ( f »- F °( S 

40 \aea t<7 



ds 



-Ct,X\ 

h J 



/?« , (f a ' x ) 



(8.19) 



lim I sup E sup 

40 Vcesi *< 7 



r?(FQ( _ r+£5(e)) _ FQ( _ r)) 



0. 



Recall that rf is bounded in Ds for t < 7, uniformly in a. Therefore (|8,18D 
and (I8J9D are valid due to ([8TT5D . ([57HD and (|57T51> . and (JO)]) is proved. 
We have obtained (|8.1ip . Next, we estimate Ii{e,T). From fj8.6j) we have 



e v (C i r Xt > + Xt ' 



where 



It follows that 

h(e,T,n) = sup-E£ e |Vg } (x 7 )\ < supf?^|u (e } (x 7 )| + supK^|X 7 | 



supE^lJjg <iVB 1/2 (x,C), 

QG21 



We first claim that 
(8.20) 

where iV is independent of e, T, n. Indeed, from the definition of Xt, 

\x 7 \ < | v | 0iD (iefvie 7 d+2 i)+i/ii,D[^^-^(i6i+i^Vi^ 2 K2|ni)^ 

Notice that we have the following estimates: 



\v\q,d <\g\o,D + ip{x) sup \f a \o,D 



supE a \tf +1 \ <KsupE a ^ (\€ t \ + 
»g3 aesi jo v 



<NB 1/2 (x,0 



supE a \tf +2 \ <3supE a (Z d+2 )y 2 

aG2l aG2l 

<NB 1/2 (x,C) 
su P E a r (|&| + \r t \)dt <Ksu P E a C (|&| 

aG2l JO a62l JO v 



+ 
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<NB 1/2 (x,0 

supE a p e-^ltf+^dt <supE a f 2\r t \dt f e~ ct cdt 

agSl JO ctGSl JO Jo 



«ga Jo v W ' 



<NB 1/2 (x,0 
sup E a P \tf +2 \dt < sup E a j sup \Cf +2 \ 

oG2l JO a€2t t<7 

< sup (E a 7 2 ) 1/2 (E a sup \£? +2 \ 2 ) 1/2 

<NB 1/2 (x,0 

Applying the estimates above, (18.20j) is proved. 
We also claim that 

h > li m li f n su p E x,i \ v (^)i x i)\ 

(8.2i) / sup K.te)l +2 )M^, 



Indeed, we notice that 



h£ 7 )Oy)| 



supE^I^ } (x 7 )| = sup E% A — : 1 7 • v/b(x 7 ,^ 7 ) 
<Ji(e,T,n) + J 2 (e,T, n), 

where 

Ji(e,T,n) -sup# e l - V-^'W' 

« G 2i Vvb(x 7 ,^ 7 ) vB(x T ,,^ 7 )y v 

J 2 (e,T,n) = sup Eg ^M^L Jb(x„ 
Note that 

V(()(x)/y/B(x,^) = v m) (x)/y/B(x,£/\£\) 

is a continuous function from Z),5 x 5i to E, where Si is the unit sphere 
in E d . By Weierstrass approximation theorem, there exists a polynomial 
W(x,C) : D 5 x Si ->• E, such that 



sup 



< 1. 



It follows that 

Jx(e,T,n) <su V E^\W(x y ,y\^\) - W(x Ts ,^/\^\)\Jb(x^,^ 
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a 621 



2sup£^JB(x 7 ,£ 7 ) 



<(N/5) sup^|x 7 - x T4 ||e 7 |(l r ,<^ + l^J + 2v/2B(x,0 



aG2l 



*G2l 



<(Nn/6)suj>E° (r s - 7) + V^7 + (iV/5) supi^^l^ 



+ 2^2B(rr,e). 

Notice that 

££(r 5 - 7) <E{rT X ~ rt X A ) + E{rr ~ rf» A T), 



^KyI 1 ^ ^V^fl^PW^d SU P'^I ^ n ^ sup |£ t | 

Thus by Lemma 16.41 and Lemma |7, 41 (1), 



lim lim lim J\ (e, T, n) < 2\2R(x,£). 



Also, notice that 



J 2 (e,T,n)< sup '^L -^^)' 

CGR d \{0} 

Thus (|8.2ip is proved. 

Combining ([8720]) and (ETST]) . we obtain 

(8.22) EE W 2 (e,T,n)< ( sup ^= + iV ) 
nfoo Ttoo 40 V ye{V=<5} V Bi (y, C) 



It remains to estimate 

ho 0*0 1 



lim I sup 

s l° \ xe{i/>=S} vBi(x,^) 
£giR d \{o} 

Due to the compactness of (dD$) x Si, for each 5, there exist x(5) E 
and £(<5) G 5i, such that 

sup ho( x )\ = \ms)M s ))\ 



A subsequence of £(<5)) converges to some (y, (), where y £ 3D and 

ICI = i- 

If tp^)(y) 7^ 0, then ~Bi(x(5),£(d)) — > 00 as 5 \, 0. In this case, 

EmY sup JMffiLUK _n 



eeR d \{o} 
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If ip(()(y) = 0, then ( is tangent to dD at y. In this case, 



lim 



sup 



\v(o( x )\ 



lim ■ 



\v(i(5))(x($))\ _ b(c)(?/)l 



Therefore for all x G D and ^ G ]R rf , we have 



\v {0 (x)\ < N^l xeD xBi(x,0 + l,. e D A2 ^ 2 (x,e). 
The inequality (|2.9p is proved. 

9. Proof of Theorem 12.31 



□ 



To estimate the second derivatives of v, we don't need to take effort on 
making the second quasiderivatives tangent to the boundary when the state 
process exits the domain. This is due to the following lemma. 

Lemma 9.1. If f a ,g G C 2 (D), and v G C 1 (l)), then for any y G dD, 

(9-1) hn)(y)\ <#(b|2,D + SUp|r|o,A 

where n is the unit inward normal on dD and the constant K depends only 
on Kq, d, do and D. 

Proof. Fix a y G dD, and choose £o > so that y + en G D as long as 
< e < Eq. Let x := y + en. For any a G 21, 



(9.2) E% [g{x T )e-^] = g(x) + E% f (Lg(x t ) - c(x t )g(x t )) 

Jo 

From (|2.3p . we have 

(9.3) v{x) > u Q (x) = g(x T )e-^ + / f a (x t )e-^dt 

Combining fl9J2]) and (IQjl . 

><?(x) + / T e"** [(L - C ) 5 (x t ) + f(x t )] dt 
Jo 



(9.4) 



>g(x) - {\Lg\ 0tD + \c\ , D \g\ , D + |/ q | ,d)££t 
><7(x) - K(\g\ 2 , D + sup irio.uJV'Ca:). 



Notice that u(y) = g(y) and ip(y) = 0, so we have 

v(y + en) - v(y) g(y + en) - g(y) if>(y + en) - ijj(y) 

> &\\g\2,D + SUp 1/ | ,d) • 

e £ agyl 6 



Letting e J. 0, we get 



«(„.)(y) ^ --K"(bl2,23 + sup |/ a | ,D) 
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To estimate U( n )(y) from above we first notice that for any 6 > 0, there 
exists a(0) £ 21, such that 

v(x) < v a ^\x) + e. 

A sequence of inequalities similar to (|9.4p implies that 

v{x) < g{x) + K(\g\ 2 , D + sup \f a \o, D )^(x) + 6 



□ 



It remains to let 9 \, and then mimic the argument after (I9.4p . 



Proof of the first inequality in \2.11\) . The idea is similar to that in the first 
order case. Fix x G Ds, £ G M. d and a sufficiently small positive eo, so that 
B(x,eo\£,\) C Ds- Repeating the argument of deriving (|8.2p . we obtain a 
similar representation of v(x+e£), namely, for any stopping time r satisfying 



r<r s ' AT, 



u(zr(e))Pr(e)e-^ (e) + ? T (e) 
where z^' z (e) is defined by (|6.2p and 



v(x + e£) = supE^ 



(9.5) #(e) 



(9.6) p?(e) = exp 



(9-7) <7?' 2 (e) 



?f(e)c a d S , 



evr„ + 



i 

e7r„ + 



e 2 vr° 2 



ds 



\e)r°{zr{e))p s {z)z~ k{€) ds, 



with rfjivf 1 P^,ff 1 'KfjP^ defined in Lemma 17.41 We also define 
Recall that V is defined by (|8.6p . Therefore, for the stopping times 



we have 



7° = rf' x+ * A t°> x A r^'* - * ATA 



(9.8) 



v(x + e£) — 2v(x) + u(x — e£) 



— ( - sup E" +e ^V(z 1 (e) + 2 sup E"V(x.y) — sup £'"_ e ^F(z 7 (— e 



< sup 

a€2t 



-^ +£ ^(^(e) + 2E«y(x 7 ) - E^V(z,(-e) 



<G 1 (e,T,n) + G 2 (e,T,n). 



Here 



Gi(e, T, n) = sup-E 1 



-V(& x+e He) + 2V{x«£) - V{z^{-e)) 
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where is defined by (|8.7jl . and 
with 77*''' defined by (|6.4p and 



-o,0 / a,0 d+l,Q d+2,a d+3,a\ 

Vt ~\Vt iVt ,Vt h 



(9.9) 

(9.10) 

(9.11) 



d+l,a 



d+2,a 



2f«c a ds, 



d+3,a 



|7r"| 2 ds+ / fr s dw s 



C, iut „, { ,W I ) + / r) (^) 



~a,0 

Vt 



'(ff' 5 )(CT 



By Lemma 16.31 to obtain 



limGi (e,T,n) = 0, 



(9.12) 

it suffices to show that 

(9.13) lim ( sup E sup 3 ^— ^ ) = 0, 



o.x . -a,x—e£ t \ 



(9.14) lim sup E sup - 1 — l - — - - T)t = °- 

40 \a&% t<7 C / 

The convergence result (|9. 13[) can be established by the same way of ob- 
taining (18. 12|) . The convergence result (19.14j) can be proved by showing the 
same convergence result for each component of the quantity in the absolute 
value symbol. 

The convergence of the first d components is exactly f|6. 19j) which has 
already been verified. The (d + l)-th component is true since 



0«( e )_2 + 0«(- e ) 



2ff 



Next, we notice that 
p t (e) - 2p t (0) + p t (-e) f l fp sje) -Ps(-e) , P«(e)+p,(-e) 



7T.s ) dw s 



:-!(, 



WEI ZHOU 



(2£ S 7T S +7T s )dw s 



It follows that 



ptje) - 2 + pt(-e) d+2 
c 2 



where 



p s TT s dw s + e / q s TT s dw s , 
Jo 

p s (e) - 2 + p s (-e) 



2c 



Ps = Ps(e) = Me) f si e) -2L q s = q s ( e 
Recall that 

supE a P \Tc t \ 2 dt < supE a f \n t \ A dt < oo. 
qg21 Jo aea Jo 

By the triangle inequality, Davis inequality and then Holder inequality, we 
have 



E a sup 

t<7 



pt(e) - 2+p t (-e) d+2 
7i "t 











<E a sup 


/ p s 7T s dw s 


+ eE a sup 


/ (\ s 7T s dw s 


*<7 


Jo 


i<7 


Jo 



<3E a ( jT p 2 t \TTt\ 2 dt^j V2 + 3eE a ( jT qf |7r t \ 2 dt 



<3E a sup|p t | 

t<-y 



o 

7r t | 2 <ft +3e£ a sup|q t | 



1/2 



o 



t<7 



|7Tf| 2 dt 



/ \ i/2 / n \ 1/2 / 

<3(£ a sup|p t | 2 ) ( E 1 " / \n t \ 2 dt) +3e(E a sup|qt 

V t<-y ' V JO ' V t<7 



1/2 
1/2 



E a / |7r t rdt 



1/2 



Then we first take sup Qg21 on both sides of the inequality, then let e J, and 
notice that 

limsup-E a sup |pt| 2 = limsup-E a sup |qj| 2 = 0, 

40 Qg 2l t<7 <4° a£2l t<7 

therefore the convergence of the (d + 2)-th component is proved. 

For the last component, we recall the function F a defined in (|8.17p . From 
(l9Tjl and ([9TTj) . we have 

t r F a^a,z+e^ e ^ _ 2 F a {xf X ) + F a {zf Z ~^ {-€)) 



OL.X , ^OL.X — et 



It (e) - 2 Qt +Qt 



F a {zf z+< {e)) - F a (zf' z - ei (-e)) 



+ 2r c q 



+ f^F a (zf' z+ ^(e)) + F a {z^ z -<{-e)) 



ds 



d+3,a 

Vt 



F ( | ? ,e )(ff ,e ) (^'")+i ? ; ? ,o ) (^^) + KF^(xr) + 2r«F a (x«>*) 



ds 



REGULARITY OF NONLINEAR DEGENERATE ELLIPTIC EQUATIONS 



37 



Hence it suffices to show that 

F a {zt> z+< {e)) - 2F a (x?' x ) + F a {zt' z ~^{-e)) 



lim I sup E sup 

40 \ae2t i<7 



0. 



lim I sup E sup 

40 \ae2t *<7 



a{ _ r+ti{e)) _ Fa{ _ r . <{ _ e)) 



0. 



lim ( sup E 1 sup r^(F Q (^' z+e5 (e)) + F a (zf' z -^(-e)) - 2F a (x*' x )) J = 0. 
40 \aea i<7 ^ ' / 

The first equation is true due to Lemma f6.3l and (|9.14p . The second equation 
is true due to Lemma 16.31 (|9.14p , and the uniform boundedness of rf for 
t < 7. The third equation is true due to a similar reason. 

We have obtained (f9T2|h We next estimate G 2 (e,T,n). From (pT6|) . 



where 



+ ^(xr)((e 5 ) 2 -2^ +1 e i i+2 + ^ +2 ' a 



a,x\//-d+2,a /-d+l,a\ 

) \$t - it ) 



Vt 



d+l,a\ 



d+3,a 



Note that based on our construction of itf, we have r\ t 
It follows that 



d+2,a 



0. 



G 2 (e,T,n) =sup-E£W - Vfa)(a: 7 ) - %,)(f 7 )0%) 



< sup£7^( - e ^u« 7 )(f 7 )(x 7 )) + su P^,ol y 7l 



We first claim that 
(9.15) 



supi^ j0 |Y 7 | <NB(x,$), 



where the constant TV is independent of e, T and n. Indeed, we recall from 
Theorem 12.11 and Lemma |9. II that 

\v{x)\ < \g\ ,D + ip(x) sup |/ a | ,D, \vr£){x)\ < K(\g\ 2 ,D + sup |/ q |i,d)|£|- 

Therefore, from the definition of It, to prove the estimate (I9.15p . it suffices 
to show that the inequality 

sup < NB(x, f ) 
is true if the stochastic process £™ is any of the following: 



\£a,€\2 \ e d+l,ai2 \j-d+2,a\2 i a,0i i d+l,c 
1st I > 1st I ) 1st I ; Wt I) Wt 



d+3,a\ 



Wt 
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Applying Holder inequality, we have 



supE?\^\ 2 < sup E? sup 1^1 < ATB(x,0, 

QG21 a&i t<7 

su Pj B q |^ +1 | 2 <-fcTsup£ Q [ ' \r t \ 2 dt < NB(x,0, 
sup^ Q |d +2 | 2 = sup£ a P \7T t \ 2 dt < NB(x,£), 

a&& a&& JO 

sup E$\ Vl \ <sup£^sup|^| < JVB(x,0, 
aea aea t<7 

sup£ a |?^ +1 | <ifsup£ Q ^ \f t \dt < NB(x,0- 
It remains to show that 

supE a \tf +3 \ < NB(x,$). 

From the definition of rjf +3 ' a , it suffices to show that the inequality 
sup£ a P e~^% t dt< NB(x,C) 

a 621 Jo 

is true if the stochastic process is any of the following: 

ki 2 , m \&*\ 2 , irt i^ +1 '%^uef +1 ' Q rfi, 

1st St I) 1st r t \i 1st St 'I) Wt I- 

Applying Holder inequality, we obtain 

supi?^ 7 (r 2 + |ft| + |^t| 2 )^ <KtmpE^£ (|&| 2 + 

<jvb(x,o, 

sup e% r \m\dt < sup e% ( r ^dt) 1/2 

a& Jo aea Jo 7 

<JVB(x,0, 

supif r e -^|^ +1 |(|6l + |n|)^<sup^( /V ci C( ft f (|&| 2 + 3r 2 )cft 
aea Jo «ea v Jo Jo 

<iVB>,£), 

supif r|et d+2 |(l6l + kt|)^<sup^(sup|^ +2 | f 1 {m + \rt\)dt) 
aea Jo «ea v *<7 Jo 7 

< sup (e? sup |^ +2 | 2 ) 1/2 f (161 + In 

«ea v i<7 7 v Jo 

<iVB>,£), 

supif r e -^|^ +1 ef +2 |di<sup^(sup|^ +1 | f\-*\tt 2 \dt 

a& JO aea V i<7 Jo 
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< 



:sup£?(sup|£f +1 | f e~ ct cdt C 2\r t \dt 

a€2l ^ i<7 JO JO 



< sup [Ef sup \tf +2 \ 2 ) IE? / 2\r t \dt 



1/2 



'7 







1/2 



<iVB(x,£), 



sup£ a P e'^ \r]f +1 \dt < sup E a ( [ e~ ct cdt \ ' 2\r t \dt 

<NB(x,C). 

Gather all these estimates, (|9.15p is proved. 
We also claim that 



(9.16) 



< 



sup 

yedD$, ce» d \{0} 



hem 60 I , nW 



Bi(y,C) 7 



+ 2 2B(x,£)- 



First, we have 



sup E 

oG2l 



e 



'«7)«7) 



<F 1 (e,T,n) + F 2 (e,T,n), 



where 



#i(e,7» =sup^ 



(- u )fe)«7)( x 7) (-^)(5 7 )(? 7 )(^n) 



B(x 7 , £ 7 ) 

K-%7)(S7)( X -l)l 



H a (e,T,n)= B up% 

«ea Jj^ti j ?7 



B (^Tl ! £7 1 

B(x 7 , £ 7 ). 



B(x 7 , £»y), 



Then we repeat a similar argument to that of estimating Ji(e,T,n) and 
J2(e,T, n) in the proof of Theorem 12.21 We should have 



and 



lim lim limi/i(e, T, n) < 4B(x,£) 

ntoo Tfoo elO 

H 2 {e,T,n) < sup — - 2B(x,£), 



which imply (|9. 16j) . Combining ()9. 15j) and (|9.16p . we obtain 

K- v )(c)(o(y)l ^ 



(9.17) lim lim limG 2 (e,T,n) < sup ' , i ~ +N)B(x,£). 



Similar to the last part in the proof of Theorem 12.21 we have 



lim sup — — — -— 



0, ifV( C )(2/)/0; 
, ifV (c) (y) = 0. 
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It turns out that for each i£D and £ G M. d , 

(~v) m) (x) <NB(x,0- 
Consequently, the proof is complete. 

□ 

For the proof of the second inequality in ()2.11j) and the existence and 
uniqueness result on (|2.12p . see Proof of (2.13) and Proof of the existence 
and uniqueness of (2.14) in [15] . 
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